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Research on the modeling and control
methods of nonlinear hybrid system of

polymerase chain reaction

Zhang Nan2, Meng Fanyun2, Wang Jinhe2, 3

Abstract. Polymerase chain reaction (PCR) is a new technology of DNA ampli�cation. The

interaction between biological macromolecules in the DNA ampli�cation has a variety of possible

dynamic process, it is di�cult to characterize fully through the existing experiment method. In this

thesis, the principles of DNA ampli�cation have been studied and put forward the mathematical

model in the process of DNA ampli�cation, nonlinear hybrid system for the PCR process has been

established, optimization algorithm has been presented based on bundle optimization for nonlinear

hybrid system, and system model has carried on the PCR platform.Experimental results show that

the proposed algorithm is robust.
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1. Introduction

Polymerase chain reaction (PCR) is a major speci�c technique for gene testing,
and has been widely used in universities, laboratories, medical institutions, and
clinics. PCR consists of 3 stages: denaturation, annealing and extension. In the
�rst stage, the mixture of DNA molecules is heat to a high temperature T1, and
the double stranded DNA can be decomposed into single one and primers will be
bound with single DNA under the action of polymerase; then, the temperature
dropped to a low temperature of T2, The binding has the stable state with matching
primers on the stage; T3 is the stageof Polymerase elongation, a large number of
nucleotides added to the primer template[1−4]. For example, through the above
cycle, it will produce two times of ampli�cation, after two cycles will produce 4
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times of ampli�cation, in this way, after 30 or so cycles, billion DNA fragments will
be produced. The process of DNA ampli�cation is a dynamic process with multiple
possibilities, it is di�cult to depict completely in the present experimental method,
therefore, a nonlinear hybrid system is used to describe the PCR process, and then
the bundle optimization method is used to solve the control problem. Finally, the
experimental results are veri�ed based on a PCR platform.

2. Nonlinear system modeling of PCR enzymatic reaction
system

2.1. Some De�nitions

Each reaction stage of DNA ampli�cation can be divided into two periods, called
temperature control period. DNA ampli�cation process is the cycle of temperature
control process, the temperature control period is a time interval. The tempera-
ture control period TCP C is usually expressed as:C := [t′1, t

′
2].The cost of each

temperature control period of time on DNA,lettNCi1
, tNCi2

denote the two endpoints

of Ci(i ∈ {1, 2, · · · , 6}) N denote the circle number,∀tNi onCi t
N
Ci
∈ [tNCi1

, tNCi2
], the

tL
CN

i
,tCIRCLE
N ,tTOTAL and tENDcan be denoted respectivelyas:

tLCN
i

= tNCi2
−N

Ci1
(1)

tCIRCLE
N can be denoted as:

tCIRCLE
N =

6∑
i=1

tLCN
i

(2)

tTOTALcan be denoted as:

tTOTAL =
N∑
i=1

tCIRCLE
i (3)

tENDcan be denoted as:

tEND = tSTART + tTOTAL (4)

So the time interval of the reaction stage is[tSTART , tEND],shorthand as [tS , tE ].

2.2. The nonlinear system model of PCR enzymatic reac-
tion system

In this thesis, a cluster of nonlinear hybrid systems is established in order to re-
veal the dynamic process of biological macromolecules interaction (the formula (5)).
The model is the nonlinear equation take the concentration of template DNA, the
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concentration of primers, the concentration of DNA polymerase, the concentration
of polymerase activator Mg2 + as status variable:

(P)

{
ẋ(t) = f(x, v, t), t ∈ [tS , tE ]
x
∣∣
t=t0 = x0

(5)

In the formulav ∈ Rk is parameter vector,f = {f1, f2, · · · , f8}T ,x ∈ R8is the
state vector, Its components represent the biomass concentration x1, concentration
of the template DNA;x2, concentration of DNA polymerase;x3, concentration of the
primer; x4, concentration of polymerase activator Mg2+;x5, concentration ofdNTP;
x6, concentration ofPCR bu�er regulate PH x7, concentration of dipolymer which is
nonspeci�c product in the reaction process;x8, temperature of the biomass reaction
liquid during the reaction process.

The initial values that are involved in formula??6??and the following formula are
all calculated by experiment or got by system characteristic.

Set temperature control section[tS , tE ] ∈ R1,xij(t)(j = 1, 2, 3, 4, 5)respectively
represent the concentrations of template DNA, the dynamics model of individual
equation of the formula (5) was established by using the M-M equation (M - M),v is
parametric vectors, its components are implicit in the function. For template DNA
concentration, equation is:

f1(x, v, t) = ϕ11(i, t)× E1 × (E2(1 + PK1)k1) + ϕ12 × x2(t) (6)

In the equation,ϕ11a subfunction of the template concentration, Its value set is
bounded closed set, the initial value of the experiment is 1.7×10−2,E1is the ampli-
�cation factor for DNA, the initial value of the experiment is 1.3×10−3,Pk1

is the
average expansion e�ciency of the �rst k1 times, the initial value of the experiment
is 0, if the average molecular weight of the base is 230,E2is2 × 230 × L,among it,
Lis DNA fragment length,ϕ12is the polymerase association factor initial value is 1
. The initial values ofϕ11and other parameters were substituted into the template
DNA concentration and DNA polymerase concentration formula, the expressions of
template DNA concentration and DNA polymerase concentration at the beginning
is

f1(x, v, t) = 1.0166× 10−2ϕ11(i, t) + ϕ12 × x2, f2(x, v, t)

In the equation,ϕ21is the enzyme factor(subfunction ofx2(t)), its value set is
bounded closed set, the initial value of the experiment is-3.7,ϕ22is the measure of the
enzyme, its initial value of the experiment is 0.57×102 ϕ23is the primer correlation
factor, its initial value of the experiment is 0 .34×102, g is the enzyme association
function:g(x, v, t) = (k− k1)× (1− kt′+Pk1

t′)div 2eωT . The initial-time expression
of the concentration of the DNA polymerase and the primer were obtained.

f2(x, v, t) = 28.5ϕ21(i, t)× (k − k1)× (1− kt′ + Pk1
t
′
)div 2eωT + 34× x3(t),

f2(x, v, t) = ϕ31(i, t)× x4(t) + ϕ32(i, t)× x5(t) + ϕ33(i, t)× x6(t).
(7)
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In the equation,ϕ31is metric factor for the primer subfunction of x3 (t) ,its initial
value of the experiment is 0.227×102,ϕ32is triphosphate deoxyribonucleotide factor,
its initial value of the experiment is 0.9576×10−2,ϕ33is measure of the bu�er, its
initial value of the experiment is 0.0227×103,then expression of initial moments of
primer concentration were obtained.

Assumed thatfj(x, v, t) (j = 1, 2, · · · , 8)is continuousonRk+1.Used symbol ‖·‖to
express a measure of n-dimension space, thereuponfj(x, v, t)meet the linear growth
rule: There are constants δ1 > 0, δ2 > 0,which make fj(x, v, t) satis�ed ||fj(x, v, t)|| ≤
δ1x+ δ2.

Then, we can obtain the following theorem:
Theorem 1 linear growth theorem of PCR system f(x, v, t) satis�ed linear

growth conditions:For constants δ1 > 0, δ2 > 0,there are

||fj(x, v, t)|| ≤ δ1x(t) + δ2 (8)

This theorem is crucial for the control system, which re�ects the PCR system
is bounded, controllable and existing solution set. If system was controlled by this
constraint, the system control is robust.

2.3. Analysis of the existence of nonlinear system solutions
for DNA polymerase chain reaction DNA

We discussed the existence and uniqueness of the solution of DNA polymerase
chain reaction model (6) as follow. It can obtained from theorem 1 that the function
of the model (6) has a very good property, and the following conclusions obviously
established.

Theorem 2 existence theorems of solutions iff(x, v, t)was continuous onR8×
Rk+1,and satis�ed local Lipschitz condition with respect to x,and for constantsδ1 >
0, δ2 > 0,there was ||f(x, v, t)|| ≤ δ1x+ δ2,

for∀(x0, v0, t0) ∈ R8 × Rk+1,the solution of initial value problem(6) existed on
the interval(0,+∞).

By theorem 2, we can solve the initial value problem (5). Because of the equiva-
lence, we can solve for the problem (7). Supposed

Ω :=
{
t
∣∣ẋ(t) = f(v, t)x(t), t ∈ [tS , tE ]

}
(9)

Now, we need to set the performance index of the problem (7) to solve the
unknown parameters.

2.4. Numerical calculation of nonlinear system of DNA
polymerase chain reaction

1) Determined concrete expression of ϕj1(i, t)
In numerical calculation, a linear system of equations for solving unknown pa-

rameters set up �rst, for eachxij(t),ϕj1(i, t)that is subfunction of

xij(t)(j = 1, 2, · · · , 8; i=1, 2, · · · , 6)is the temperature control period). It is di�-
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cult to determine their expression, but in the experiment, interpolation simulation
can be performed according to the experimental data, and the interpolation function
is used instead of the original function to calculate the data. The speci�c calculation
steps are:

Step 1: �gure out the concentration of each component in temperature
control segment i.

(1)formulate process, determine time point
(2)measure component concentration
According to above six processes the absorbanceAi

j(t)at t moment of component
template DNA, polymerase, primers, Mg2+ and dNTP were measured by spec-
trophotometer, following Moore's law,the concentrationxij(t)was solved by linear re-

lation between absorbance and concentrationxij(t)(i, j = 1, 2, · · · , 6):

xij(t) = Ai
j(t)/ ∈j (10)

In the equation, ∈j is molar absorption coe�cient of component respectively.
The molar absorption coe�cient of the component is relatively �xed and does

not change with the concentration of the measured material. The molar absorption
coe�cient of each component is analyzed inthe following.

For DNA product, Freifelder[6]provide the relation of absorbance A and molar
absorption coe�cient OD by experiments measure.

With regard to double-strand DNA, the relation isA260 = OD260 = 50µg/mL;
With regard to single-strand DNA,the relation isA260 = OD260 = 33µg/mL.
Plug the last two expressions in equation (10),we obtained:
(1)With regard to double-strand DNA, the molar absorption coe�cient of com-

ponentwas measured in temperature control section 4, T1
′
is ∈1

′
=

A4
1(t)

x1
1(t)

=20l.OD/g.

(2)With regard to single-strand DNA, the molar absorption coe�cient of compo-

nentwas measured in temperature control section 2,T1is ∈1=
A2

1(t)

x1
1(t)

= 30.3030l.OD/g.

Plugmeasured absorbanceOD and the expression above informula 10 ,the concen-
tration of DNA products can be �gured out, constitute number pairs(tk1 , x

k
1(tk1))(k =

1, 2, · · · , 16)witht moment.
For the coe�cient of primer molar absorption∈2,Because the primer is di�erent,

the base composition is di�erent, therefore,we suppose U 1 U 2 U 3 U 4as numbers of
four base pairs A C G T, there are[6]

∈2= 16000U1 + 12000U2 + 7000U3 + 9600U4

Plugmeasured absorbance OD and the expression above informula 10 ,the con-
centration of primer and the relevant time t can be �gured out, constitute number
pairs(tk2 , x

k
2(tk2))(k = 1, 2, · · · ,m) witht moment,Where m is the number of calcula-

tions.
In the same way, the coe�cient of molar absorption ∈j (j=3,4,5,6)of other

components can be calculated or examined, plugmeasured absorbance OD infor-
mula 10 , the concentration of componentcan be �gured out, constitute number
pairs(tkj , x

k
j (tkj ))(k = 1, 2, · · · , 16; j = 3, 4, 5, 6) witht moment.
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Forthe concentration when j equal to 7,8, we can obtain through the indirect
calculation method, the calculation procedure is elliptical.

In conclusion, We've calculated the number pairs(tkj , x
k
j (tkj ))(k = 1, 2, · · · , 16;Wewill

express data pair that we calculate asΩj(j=1,2,. . . , 8)

Ωj =
{

(t
kpq

j , x
kpq

j (t
kpq

j )) |p = 1, 2, 3, 4; q = 1, 2, 3, 4
}

(11)

Now we're going to usedata pair ofΩjto approximate ϕj1(i, t).
Step 2: Expressedϕj1(i, t)function with Ωj

First, determine the relationship between i and t :in the functionϕj1(i, t)are cycle

index i and time t, they relationship is derived from formula (3):t =
∑i−1

k=1 t
CIRCLE
k +

t′. In the equation,t′ is execution time for the current cycle,tCIRCLE
k k=1 2 . . . , i -1

is each time the cycle takes for the previous i -1 times cycles, based on the time of
the current cyclet′,circulation section Ci∗ i

∗ ∈ {1, 2, · · · , 6} of the current cycle can
be calculated, and we can calculate the current temperature control section and vice
versa.

For each j, we solve the expression of function fj(x, v, t).Because each loop in the
detection process has only four temperature control segments, the target function is
set up as:

ϕ11(i, t) = bi10× t+ bi11× xi1(t)e1(i, t) = (

4∑
q=1

x
kiq

1 (t
kiq

1 )− bi10× t− bi11× xi1(t))2, i ∈ I

If we �gure out the minimum of the above formula, we can �gure out the coe�-

cients of it. We take partial derivative of bi10 b
i
11 in above formula at momentt

kiq

1 ,that
is

∂e1(i, t)

∂bi10
= −2(

4∑
q=1

x
kiq

1 (t
kiq

1 )− bi10 × t− bi11 × xi1(t))

,

∂e1(i, t)

∂bi11
= −2xi1(t)(

4∑
q=1

x
kiq

1 (t
kiq

1 )− bi10 × t− bi11 × xi1(t))

Let
∂e1(i, t)

∂bi10
= 0

∂e1(i, t)

∂bi11
= 0, (12)

According to the collection Ω1,we can �gure out the coe�cients bi10andb
i
11.then,

we obtained the expression of ϕ11(i, t):ϕ11(i, t) = bi10t+b
i
11×xi1(t).Plug the equation

above in expression of f1(x, v, t),because of ϕ12is constant, it can be given initial
values in the algorithm (without a�ecting subsequent optimization calculations),
then, we obtainconcrete expression of f1(x, v, t).

For f2(x, v, t) i ∈ {1, 2, · · · , 6},Based on the characteristics of polymerase, the
linear objective function of polymerase is established as follows:

ϕ21(i, t) = bi20t+ bi21 × xi2(t)
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Let

e2(i, t) = (

4∑
q=1

x
kiq

2 (t
kiq

2 )− bi20 × t− bi21 × xi2(t))2

If we �gure out the minimum of the above formula, we can solve the coe�cients

of it. We take partial derivative of bi20??b
i
21 in above formula at momentt

kiq

2 ,let
the derivative be equal to zero, according to the collectionΩ2 we can �gure out
the coe�cientsbi20and b

i
21. then, we obtained the expression of ϕ21(i, t):ϕ21(i, t) =

bi20t+b
i
21×xi2(t).Plug the equation above in expression off2(x, v, t), because of ϕ22ϕ23

are constants, then, we obtainconcrete expression of f2(x, v, t).
Step 3:Set performance indicators for solving unknown parameters
The most important indicators in the experiment arexi1(t). For the six-segment

temperature control segment, the product indicator extraction time is i=6; For the
four-segment temperature control segment, the product indicator extraction time is
i=4, the data collections of other temperature control section i=1, 2, 3 are taken
the same magnitude, then,There are the following indicator functions:

max J(x, v) =

(
c1

6∑
i=1

∫ ti

ti−1

xi1(t)dt−
∫ ti

ti−1

(c2x
i
7(t) + c3x

i
8(t))dt

)2

.

The nonlinear equation determined by formula (5)is multi-solvable, its solutions is
the unknown parameters that we need, the parameter identi�cation can be taken by
the maximum function with respect to variable x to �nd out the better parameters.

2.5. The nonlinear system properties of PCR enzymatic re-
action system

We assumed that the measurement of the di�erence between template DNA
and PCR products in the PCR reaction system is bounded; the di�erence between
the other reactants and the current consumption concentration is bounded, that is,
∃M > 0 so that|xj(t0)− xj(t)| < M, j = 1, 2, · · · , 6

Therefore, for equation (7), there are the following theorems:
Theorem 3 continuity theorem f(x, v, t) (i=1, 2, . . . , 8)meet the following

properties:
1)Itis continuous on V with respect to v ;
2)Itis Lipschitz's continuous on W with respect to t.
Proof: slightly.

2.6. Nonlinear system analysis of PCR enzymatic reaction
system

The PCR response system model P (7) re�ects the subatance of the system, after
solving this model, the mathematical expression of the system model is solved.
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3. Establish Control model

3.1. Calculate controller parameter

According to the PID control model, the control problem of the reaction process
of the PCR nonlinear system in formula (5) can be expressed as the following form
of non-smooth optimization problem[6−7]:

(VP)

{
min g(t) = ε1t

∑t
m=0 |e(m)|+ ε2e(t)

2

s.t. t ∈ Ω
(13)

In theformula ,e(j) = u(j)− r(j) u(j)is output for the controller,r(j)is input for
the controller.

The optimization problem of the above formula can be solved by using the bundle
set, and its solution is given by algorithm 1:

Algorithm 1A control problem solving algorithm based on constrained opti-
mization method

Step 1, Initialize takeε > 0, ρ ∈ (0, 1),Mk = 1,k = 0, x1, ξ1,
Step 2, loop begin;
Step 3, k = k + 1;
Step 4, Calculatedk, g(xk), ξk ∈ ∂g(xk)

Step 5, Update the slice linear function:
_
g k (x) := max

j∈Jk

{
g(xk)+ < ξi, dk > −αk

j

}
Step 6, yk+1 = dk + xk??calculate

_
g k (yk+1);

Step 7, Judge
_
g k (yk+1)− g(xk) ≤ ρε;

Step 8, If xk+1 = yk+1, t
∗
k = xk+1 output bundle set, go to step 11;

Step 9, Elsexk+1 = xk, output bundle set;
Step 10, loop end
Step 11, End.
According to the constrained optimization method (algorithm 1), we calculate

with MATLAB, obtain collection W :

W :=
{

(t, µ)tk ∈ [tS , tE ], µk
i ∈ R, i = 1, 2, 3, 4

}
(14)

3.2. Example

In this example, the DNA ampli�cation reaction of 1 cyclic processes was tested
on the PCR platform, and 15 temperature test points were taken for the reaction
process temperature data sampling. Control node is 93.2 ,the time interval of con-
stant temperature stage is 360s,and initial temperature is 36.2 .There are three
constant temperature stages in this example. The aim is to control the noise of the
environment by feedforward control with feedback.

Calculated example:
In this example PID parameters are calculated in two calculations, �rst the pa-

rameters of p-mode is calculated, then the control parameters of PID mode (constant
temperature) is calculated. Steps as follows:
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(1)Find the solution set of the VP model;For the temperature control section of 1,
3 and 5, the model VPand algorithm 1 were used to calculate the parameters of the
proportional mode, and the P mode controlparametersµk

1and t
∗
k k=1,2,. . . ,15,were

obtained.
(2)For the temperature control section of 2, 4 and 6, the model VP and algorithm

1 were used to calculate the parameters of the PID controller, the P mode control
parametersµk

1µ
k
2µ

k
3 and the corresponding momentt∗k k=16,17,. . . ,30,were obtained.

(3)In the 1th, 3th, and 5th temperature control segments, First, the BANG-
BANG mode control is adopted, then the p-proportional mode control is adopted,
In the 2thtemperature control segments, PID controller is adopted to control. The
output of the system is shown in �gure 1, the left of the �gure is the output of the
temperature data of samplingvalue, the right of the �gure is voltage of the control
curve.The control data curve reaches the design index,curve is superimposed, the
temperature uniformity is less than 0.2◦C.

Fig. 1. PCR Control Curve Chart with Algorithm 1 from Sampling Points

4. Conclusion

This thesis proposed basic concepts of DNA ampli�cation, analyzed the principle
of PCR enzymatic reaction, established PCR enzymatic reaction system model and
analyzed system model, decomposed the model of PCR, obtained the existence of
solutions to the system model, numerically calculated the DNA polymerase chain
reaction model. According to the characteristics of PCR this thesis proposed PID
control mathematical model of PCR enzymatic reaction system, proposed a con-
strained optimization method for solving this model and given the algorithm steps,
The experimental results show that the control e�ect of the proposed control algo-
rithm is obvious, loop control time is short, control precision is reached 0.1◦C.
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